Abstract: We prove certain weak versions of some celebrated results due to Alexander Vishik comparing rationality of algebraic cycles over the function field of a quadric and over the base field. The original proofs use Vishik's symmetric operations in the algebraic cobordism theory and work only in characteristic 0. Our proofs use the modulo 2 Steenrod operations in the Chow theory and work in any characteristic = 2. Our weak versions are still sufficient for existing applications. In particular, Vishik's construction of fields of -invariant 2 + 1, for ≥ 3, is extended to arbitrary characteristic = 2.
and have an advantage: they avoid induction by dimension of the quadric 1 and therefore can be adapted to serve for the proof of Proposition 5.3 of the last section, where dimension of the quadric is specific. Proposition 5.3 is the final step in extending construction of fields of -invariant 2 + 1 for any ≥ 3, made in [9] for characteristic 0, to arbitrary characteristic = 2, see Theorem 5.1. Let us mention that the case of = 3 has been done earlier than [9] and for arbitrary characteristic = 2 by Oleg Izhboldin, [4] .
In our proofs (for both weak and very weak versions), the base field is allowed to be of any characteristic different from 2 because the Landweber-Novikov operations are replaced here by the Steenrod operations on the modulo 2 Chow groups. More precisely, we imitate the Chow traces of Landweber-Novikov operations by lifting the Steenrod operations to integral Chow groups instead of using Landweber-Novikov operations themselves. This idea is not new: it has been already successfully applied in several different situations. It was not entirely clear if such an imitation of LandweberNovikov operations will work here, but the feeling that it is quite plausible existed since the preprint with the original proofs appeared seven years ago; at least the author of the present paper has been desperately searching for it during all this time.
Aside from the difference explained above, the proofs present in this paper are very similar to the original ones and may be considered as the old proofs rewritten in a slightly different language. At least, the new proofs use the same main ideas as the original proofs. In some places, the new proofs are "better organized" and this makes them look simpler and less technical, but substantially the proofs are the same. Techniques of the present paper have been further developed in more recent [3] and [5, Appendix SC] .
We refer to [7] for an introduction into the subject. Notation is introduced in the beginning of Section 1.
Basic result: very weak version
Let F be a field of characteristic = 2, Q a smooth projective quadric over F of dimension ≥ 1, Y a smooth quasiprojective F -variety (a variety is a separated scheme of finite type over a field).
We write CH(Y ) for the integral Chow group of Y , see [2, Chapter X], and we write Ch(Y ) for CH(Y ) modulo 2. We fix an algebraic closure F of F and we write Y for Y F . Given a geometrically integral F -variety X , an element of Ch(Y ) (or of CH(Y )) is called F (X )-rational, if its image in Ch(Y F (X ) ) (resp., CH(Y F (X ) )) belongs to the image of Ch(Y F (X ) ) → Ch(Y F (X ) ) (resp., CH(Y F (X ) ) → CH(Y F (X ) )) (F -rational elements are sometimes simply called rational).
A stronger version of the following result has been proved in characteristic 0 in [7, Corollary 3.5 (1) ].
Theorem 1.1.
Assume that the group CH(Y ) is 2-torsion-free. Then for any integer < /2, any F (Q)-rational element of Ch (Y ) is F -rational.
Proof. We induct on and . The statement being trivial for negative , we may assume that ≥ 0. Let be an element of Ch (Y F (Q) ). We are going to show that the image ∈ Ch (Y ) of is rational. Since the field extension F (Q)/F is purely transcendental, the change of field homomorphism Ch (Y ) → Ch (Y F (Q) ) is an isomorphism so that it suffices to show that the image of in Ch (Y F (Q) ) is rational.
Let us fix an element ∈ Ch (Q × Y ) mapped to under the surjection
given by the pull-back with respect to the generic point of Q times the identity of Y . Since over some field extension of F the variety Q becomes cellular (with the Chow classes of the cells in codimensions ≤ given by the powers of the 1 
The inductive proofs of the very weak versions do not work for the weak versions because the Steenrod operations under use do not map the subgroup of the modulo 2 classes of exponent 2 elements to itself in general.
hyperplane section class, see e.g. [2, § 68] ), the image ∈ Ch (Q × Y ) of decomposes as
with some ∈ Ch (Y ), where ∈ Ch (Q) is the th power of the hyperplane section class. By induction, all the elements are rational. Indeed, the element
is F (Q)(Q )(Q )-rational, and so on, where Q is a projective quadric over
, where π is the projection Q × Y → Y and 1 ∈ Ch 1 (Q) is the class of a line which is F (Q)(Q )-rational. Similarly, the element
, where 2 ∈ Ch 2 (Q) is the class of a plane which is F (Q)(Q )(Q )-rational. And so on.)
Since moreover all the elements are rational, it follows that the element , originally constructed in a wider context of motivic cohomology in [10] and in the context of Chow groups in [1] .
The special choice of the representatives we are making is important for Lemma 1.3; in Lemma 1.2, can be any representative of S ( ). We additionally set = 0 for > as well as for < 0. Therefore, for any integer , is the
From now on we are mostly working with the integral Chow groups and we use the notation for the th power of the integral hyperplane section class in CH (Q) as well. As before, π stands for the projection Q × Y → Y and π * for the corresponding push-forward homomorphism of Chow groups. Let be any integer satisfying < ≤ . Let P be a smooth subquadric of Q of dimension ; we write in for the
Lemma 1.2.

For any with
0 ≤ ≤ − 1, π * ( − ) ≡ 0 (mod 4) in CH (Y ).
Proof. Since
For any integer , the element is equal to a rational element multiplied by 2.
We apply Lemma 1.3 taking as the maximal integer ≤ of the shape a power of 2 minus 1 (note that ≥ /2 > ) and with = . For any = , the th summand of the sum in (2) is a multiple of
(the first π here is the projection P × Y → Y while the second π is Q × Y → Y ; the first is the hyperplane section class of P, the second of Q), which is 0 modulo 4 by Lemma 1.2. Therefore the remaining ( th) summand
is congruent modulo 4 to twice a rational element ∈ CH (Y ). By [2, Lemma 78.1] we have (−T P ) = · , where is an integer congruent to
is odd (because is a power of 2 minus 1, cf. [2, Lemma 78.6]). Since ∈ CH (P) modulo 2 is 0 and in *
and we get the congruence 2y ≡ 2 modulo 4 in CH (Y ). Since the group CH (Y ) is 2-torsion-free, it follows dividing by 2 that the element = y (mod 2) ∈ Ch (Y ) is the class modulo 2 of the rational element ∈ CH (Y ). Thus Theorem 1.1 is proved.
Basic result: weak version
In this section we continue to use notation introduced in the beginning of Section 1. We are going to prove a stronger version of Theorem 1.1 (which is still weaker than the result proved in characteristic 0 in [7, Corollary 3.5 (1)] and is precisely the weak version mentioned in [7, Remark on p. 370]).
Theorem 2.1.
For any integer < /2, any F (Q)-rational element of CH (Y ) is congruent modulo 2 and 2-torsion to an F -rational element.
Proof. We assume that ≥ 0 in the proof. Let be an element of CH (Y F (Q) ). We are going to show that the image ∈ CH (Y ) of is congruent modulo 2 to the sum of a rational element and an element of exponent 2.
Let us fix an element ∈ Ch (Q × Y ) mapped to mod 2 under the surjection
The image ∈ Ch (Q × Y ) of decomposes as
with some ∈ Ch (Y ), where = (mod 2).
. We also set = 0 for > as well as for < 0. We still have Lemma 1.3 for the elements (with the same proof). In particular, for the maximal integer ≤ of the shape a power of 2 minus 1 and a smooth subquadric P ⊂ Q of dimension , the element
(where in is the imbedding (1), T P is the tangent bundle of P, are the Chern classes, and π is the projection P × Y → Y ) is twice a rational element. Since (−T P ) = · , where is an integer congruent to − −2 modulo 2 and the binomial coefficient
is odd for any = 0 1 , we get that the element
, where π on the right hand side is the projection Q × Y → Y , we get that the sum
is twice a rational element.
We would like to compute the sum obtained modulo 4. Since For every = 0 1 [ /2], the total coefficient at µ is twice the sum of all binomial coefficients · which (the sum) is equal to 2 and for ≥ 1 is even. It follows that 2µ 0 ≡ 2 (mod 4). Dividing by 2, we get that µ 0 is congruent modulo 2 to the rational element plus an element of exponent 2. Since µ 0 = , we are done with the proof of Theorem 2.1.
Beyond basic result: very weak version
In this section we continue to use notation introduced in the beginning of Section 1 and we are assuming that the variety Y is geometrically irreducible. The main result of this section is the following proposition (a stronger version of it has been proved in characteristic 0 in [7, Proposition 3.3 (2)]).
Proposition 3.1.
Assume that = 2 or = 2 − 1 for some integer ≥ 1. Assume that the group CH(Y ) is 2-torsion-free.
Let be an element of Ch (Q × Y ). If the image of under the composition
is rational, then the image of under the composition
is also rational. 
(which coincides with the image of ∈ Ch (Y F (Q) ) in Ch (Y )) is rational.
To formulate the second theorem (whose stronger version has been proved in characteristic 0 in [7, Statement 3.8]), we need an additional notation. Let G be the maximal orthogonal Grassmannian associated to Q as in [2, § 85] . Let ∈ Ch(G) be the class of the subvariety in G of the maximal linear subspaces in Q F (Q) passing through a fixed rational point of Q F (Q) (this is one of the generators of the ring Ch(G) given in [2, § 86] , namely the generator of maximal codimension; original sources concerning definition and properties of are [6, 9] ). Proof. According to [7, Statement 3.10] , the rationality of ensures that for any element ∈ Ch (Q × Y ) there exists an element ∈ Ch (Q × Y ) such that the image of under the composition
is rational and the image of under the composition (3) coincides with the image of . The proof of [7, Statement 3.10] does not use the theory of algebraic cobordism and is valid over fields of any characteristic (even including 2). Theorem 3.3 follows by Proposition 3.1.
Proof of Proposition 3.1. We may assume that Q is anisotropic. In this case, the condition on ensures that
for some ∈ Ch (Y ), = 0 − 1, and some ∈ Ch (Y ). (Note that = 0 in the case of = 2 − 1.) The image of under the composition (3) is equal to , and we will show is rational.
More precisely, using induction on , we will show that for any -dimensional (with = 2 or = 2 − 1) smooth projective quadric Q (anisotropic or not) and any ∈ Ch (Q × Y ) fulfilling (5) for some ∈ Ch (Y ), = 0 − 1, and some ∈ Ch (Y ), the elements
First of all, we check that the elements 
It follows by induction hypothesis that the elements 
Lemma 3.4.
For any with
Proof. Since is equal to a rational element multiplied by 2.
We apply Lemma 3.5 taking as the maximal integer ≤ of the shape a power of 2 minus 1 (note that ≥ ) and with = . For any = , the th summand of the sum in (6) 
Beyond basic result: weak version
In this section we continue to use notation introduced in the beginning of Section 1 and we are assuming that the variety Y is geometrically irreducible. The main result of this section is the following stronger version of Proposition 3.1 (which is still weaker than the result proved in characteristic 0 in [7, Let be the maximal integer ≤ of the shape a power of 2 minus 1. Similarly as in Lemma 3.5 and in the proof of Theorem 2.1, we get that the sum
is twice a rational element. We are going to compute this sum modulo 4. It follows that for any > − , we have the congruence
where µ = µ . For = − we have
which is 0 modulo 4 in the case of odd . In the case of even , this is congruent modulo 4 to 2(y /2 ) 2 = 2µ /2 . Therefore the congruence (7) holds for = − as well.
We get that the sum
is congruent modulo 4 to twice a rational element ∈ CH (Y ) and we finish as in the proof of Theorem 2.1: for every = 0 1 [ /2], the total coefficient at µ is 2 +1 ; it follows that 2µ 0 ≡ 2 (mod 4) and therefore µ 0 is congruent modulo 2 to the rational element plus an element of exponent 2. Since µ 0 = y, we are done with the proof of Proposition 4.1.
More beyond basic result: -invariant
The aim of this section is the following result, proved for characteristic 0 in [9, Corollary 5.2].
Theorem 5.1.
For any integer ≥ 3, any field F of characteristic = 2 is a subfield of a field of -invariant 2 + 1.
As explained in [9] , Theorem 5.1 is a consequence of the following result (proved for characteristic 0 in [9, Theorem 5.1]).
Theorem 5.2.
Let P be a smooth projective quadric over F of dimension 2 − 1, for some ≥ 3. Let G be the maximal and let G be the "previous" (the "almost maximal") orthogonal Grassmannians associated to P. For = 1 2 2 −1 , let ∈ Ch (G) be the standard generators of the ring Ch(G) defined in [9, § 2] , see also [2, § 86] 
with ∈ Ch (Y ), = 0 1 , and ∈ Ch 1 (Y ), the element 0 is trivial. Then the element
is rational modulo the classes modulo 2 of integral elements of exponent 2. 
We are going to use the statement on the sum (8) for various values of (actually, for two values). Note that the sum is a linear combination of always the same elements π * (
), π * ( 
where µ is an integral representative of S ( − ) which in the case of > − we choose to be 0. Moreover, we choose µ 0 0 = y . For = − , the th summand is
(where the congruence is modulo 4).
We do not compute by now the remaining summand π * (
) (corresponding to = − + 1). We are going to consider the sum (8) for the following two values of : = 2 − 1 = − 1 (this is the biggest integer of the shape a power of 2 minus 1 non-exceeding , the choice we always use) and = 2 = . For the first choice of , since the binomial coefficient 
=0
− − µ
is congruent modulo 4 to twice a rational element ∈ CH (Y ). 2 For every with 0 < < ( − 1)/2, the coefficient at µ is twice the sum of all binomial coefficients · and therefore is divisible by 4. The coefficient at µ 0 is 2 and the coefficient at µ 
For the second choice of , the binomial coefficient − −2 with = 0 1 is odd for even < and is even otherwise (that is, for odd as well as for = ). Since the integer − = 2 −1 − 1 is odd, we get that the sum −π * (
is congruent modulo 4 to twice a rational element ∈ CH (Y ). 2 Note that the coefficient at µ 0 is 0 here. Since for any ≥ 1, the sum of all binomial coefficients · with · of a fixed parity is equal to 2 
Adding the congruences (9) and (10), we get that 
